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ON VOLUMES OF CLASSICAL SUPERMANIFOLDS
THEODORE VORONOV
Dedicated to K.
Abstract. We consider the volumes of classical supermanifolds such as the super-
sphere, complex projective superspace, and Stiefel and Grassmann supermanifolds, with
respect to the natural metrics or symplectic structures. We show that the formulas
for the volumes, upon certain universal normalization, can be obtained by an analytic
continuation from the formulas for the volumes of the corresponding ordinary manifolds.
Volumes of nontrivial supermanifolds may identically vanish. In 1970s, Berezin dis-
covered that the total Haar measure of the unitary supergroup U(n|m) vanishes unless
m = 0 or n = 0, i.e., unless it reduces to the ordinary unitary group U(n) or U(m).
Witten recently suggested that the (Liouville) volume of a compact even symplectic su-
permanifold should always be zero if it is not an ordinary manifold. Our calculations
provide counterexamples to this conjecture. On the other hand, we give a simple expla-
nation of Berezin’s statement and generalize it to the Stiefel supermanifold Vr|s(C
n|m).
There are also possible connections with the recent works by Mkrtchyan and Veselov on
‘universal formulas’ in Lie algebra theory.
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1. Introduction
The concept of volume in the super world may show unexpected features. For example,
the total volume of a supermanifold may vanish. This is due to the fact that the under-
lying “Berezin integral” is not of the usual measure-theoretic nature, so considerations
based on positivity of measure are not applicable. A striking example is the superana-
log of the unitary group, the unitary supergroup U(n|m), whose total “Haar measure”
is zero whenever nm > 0 (Berezin, 1970s). (This reflects also in the properties of the
representation theory of the supergroup U(n|m). One cannot divide by zero volume as
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well as by an infinite volume. It has been noticed that the presence of odd dimensions is
somewhat similar to noncompactness, see, e.g. [16].)
In a discussion in fall 2012, E. Witten asked me whether the Liouville volume of ev-
ery compact symplectic supermanifold should be zero if it is not an ordinary manifold.
Although he suggested serious arguments in support of this conjecture, in a short time
I provided a counterexample. As such one can take the superanalog of a complex pro-
jective space endowed with the analog of the classical Fubini–Study form. The simplest
case when here the Liouville supervolume is nonzero is CP1|1, for which vol(CP1|1) = 2pi
(and there is a remarkable scaling invariance, see details in the main text).1
The investigation of the volume of the complex projective superspace has led me to
observations that are interesting in their own right. Namely, the explicit formula for the
volume of the complex projective superspace CPn|m is an analytic continuation of the
corresponding formula for the ordinary complex projective space CPn up to a universal
normalization factor that depends only on dimension. This triggered a study of other
examples. As it turns out, this is also the case for other classical supermanifolds such
as the superspheres, the complex Stiefel and Grassmann supermanifolds. Formulas for
the volumes of these supermanifolds can be obtained by simple geometric considerations.
In particular, in the course of this study we have obtained a simple explanation of the
Berezin statement concerning the supergroup U(n|m) together with a generalization to
the Stiefel supermanifold (for which the volume does not have to vanish identically).
The fact that volumes of classical manifolds and supermanifolds can be expressed by
analytic functions, and very forms of these functions, is very remarkable. Here is a meeting
point with the recent studies of “universal formulas” in Lie algebra theory by Mkrtchyan
and Veselov (see, in particular, [13], [11], [14], [12]). (One source of these ideas is [10],
another is the works of Vogel and Deligne.) There remain many open questions here.
The analytic functions expressing the normalized volumes depend on complex variables
whose geometric meaning are “indices” (the numbers n − m for superdimensions n|m).
This suggests that there may be a nontrivial extension of the theory to the infinite-
dimensional case (and some elliptic operators given) for which these volumes should still
make sense.
The structure of the paper is as follows. In Section 2, we consider the volumes of the
supersphere and the complex projective superspace. In Section 3, we consider the com-
plex Stiefel supermanifold, the unitary supergroup and the Grassmann supermanifold. In
Section 4, we briefly discuss the results. In Appendix A, we recall some background in-
formation concerning supermanifolds, Berezin integration, and Riemannian submersions.
The starting point of this investigation was a question raised by E. Witten, for which I
am very grateful to him. The results of the work were discussed with many colleagues and
reported at seminars in Manchester, Sheffield and the Steklov Institute in Moscow, as well
at the conferences in Bia lowiez˙a (July 2013 and June 2014), Brussels (April 2014) and
Skolkovo (October 2014). It is a pleasure to thank in particular V. Buchstaber, M. Cahen,
R. L. Fernandes, S. Gutt, H. Khudaverdian, K. Mackenzie, R. Mkrtchyan, Yu. Neretin,
A. Odesskii, A. Odzijewicz, S. Paycha, A. G. Sergeev, A. Veselov, and I. Volovich.
1 In fact, as I later discovered by a thorough search of the literature, the answer for the volume of
CP
n|m had been previously known [7], probably not so widely, otherwise Witten’s question would not
have been raised.
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2. Superspheres and complex projective superspaces
2.1. The supersphere and its volume. To define the supersphere Sn|2m, consider the
superspace Rn+1|2m as a ‘vector supermanifold’ equipped with the scalar product such
that
(x,x) = (x1)2 + . . .+ (xn+1)2 + 2ξ1η1 + . . .+ 2ξmηm ,
in standard coordinates x1, . . . , xn+1, ξ1, η1, . . . , ξm, ηm. (We need an even number of
odd variables to ensure the nondegeneracy of the scalar product.) Then, as usual, the
supersphere of radius R is the submanifold S
n|2m
R ⊂ Rn+1|2m of all vectors of length R
and is given by
(x1)2 + . . .+ (xn+1)2 + 2ξ1η1 + . . .+ 2ξmηm = R2 . (1)
When R = 1, we drop the reference to the radius.
The Euclidean metric on Rn+1|2m,
δs2 = (δx1)2 + . . .+ (δxn+1)2 + 2δξ1δη1 + . . .+ 2δξmδηm ,
induces a Riemannian metric on the submanifold S
n|2m
R , which gives rise to a volume
element. When we speak about the volume of the supersphere, we refer to the total
volume w.r.t. this Riemannian volume element.
Theorem 1. The volume of the supersphere of radius R equals
vol(S
n|2m
R ) = 2R
n−2m pi
n+1
2 2m
Γ(n+1
2
−m) . (2)
Formula (2) can be obtained from (1) by a calculation with the delta-function. Or, alterna-
tively, it can be obtained via the Gaussian integral (as in the ordinary case).
The expression for the volume of the supersphere has probably been established many
times by different people; in particular, it was deduced among other things in [5] by
Adam Haunch (who was a joint Ph. D. student of H. M. Khudaverdian and myself).
When m = 0, we have the familiar formula for the ordinary sphere. As in the ordinary
case, it makes sense to look at the ‘even-dimensional’ and ‘odd-dimensional’ superspheres
separately.2 We have the following corollary (with a slight change of notation).
Corollary.
vol(S
2n|2m
R ) = 2R
2n−2m pi
n+ 1
2 2m
Γ(n−m+ 1
2
)
. (3)
vol(S
2n+1|2m
R ) = 2R
2n+1−2m pi
n+1 2m
Γ(n−m+ 1) . (4)
Recall that the Γ-function has poles at all negative integers and only at them. From
here we observe that the volume of the ‘odd-dimensional’ supersphere S
2n+1|2m
R vanishes
when m > n, and when it is nonzero, it can be written as
vol(S
2n+1|2m
R ) = 2R
2n+1−2m pi
n+1 2m
(n−m)! . (5)
2 ‘Even-dimensional’ and ‘odd-dimensional’ refer here to the even part of the supermanifold dimension
only. The pun is unavoidable, but unintended.
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At the same time, the volume of the ‘even-dimensional’ supersphere S
2n|2m
R never vanishes
(and can always be expressed via double factorials).
2.2. Recollection of CPn|m . Metric, symplectic structure and volume element.
Let us recall the superanalogs of constructions familiar for ordinary complex projective
space. The complex projective superspace CPn|m is defined exactly as in the ordinary
case, as the quotient of the space of all nonzero (even) vectors in Cn+1|m by the action of
C∗ = C \ {0}.
Let za, ζµ be standard coordinates on Cn+1|m. They are also the ‘homogeneous coor-
dinates’ on CPn|m = Cn+1|m \ {0}/C∗. For every fixed k we can consider the variables
wa(k) :=
za
zk
and θµ(k) :=
ζµ
zk
as coordinates on the kth affine chart of CPn|m. They are also
referred to as ‘inhomogeneous coordinates’. (Altogether there are n+1 charts. Henceforth
the number k is suppressed.)
We may identify Cn+1|m with R2n+2|2m by writing za = xa + ya and ζµ = ξµ + ηµ with
real variables xa, ya, ξµ, and ηµ. The standard Euclidean metric on Cn+1|m,
δs2 =
∑
δzaδz¯a + i
∑
δζµδζ¯µ =
∑(
(δxa)2 + (δya)2
)
+ 2
∑
δξµδηµ ,
is the real part of the Hermitian form
H =
∑
δza ⊗ δz¯a + i
∑
δζµ ⊗ δζ¯µ .
The imaginary part (up to a factor of 2) is the standard symplectic form on Cn+1|m,
ω0 =
i
2
(∑
dzadz¯a − i
∑
dζµdζ¯µ
)
=
∑
dxadya +
1
2
∑(
(dξµ)2 + (dηµ)2
)
.
Note that
ω0 =
i
2
∂∂¯N0 ,
where
N0 =
∑
zaz¯a + i
∑
ζµζ¯µ
is the scalar square of the radius-vector.
The symplectic form ω0 does not descend on CP
n|m. However, its restriction to the
supersphere does. We have the analog of the familiar diagram
S
2n+1|2m
R
⊂
i
✲ Cn+1|m \ {0}
CPn|m
q
❄
p
✲
Here the slanted down-arrow is the analog of the Hopf fibration. The equation of the
supersphere S
2n+1|2m
R in complex coordinates is∑
zaz¯a + i
∑
ζµζ¯µ = R2 .
The following proposition gives the analog of the Fubini–Study form for CPn|m.
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Proposition 2.1. The form i∗ω0 on S
2n+1|2m
R is Û(1) = ΠTU(1)-invariant and hence
there exists a unique form ω ∈ Ω2(CPn|m) such that i∗ω0 = p∗ω.
In local coordinates, the symplectic form ω on CPn|m is given by
ω =
i
2
R2
(dw · dw¯ − idθ · dθ¯)N − (dw · w¯ + idθ · θ)(dw¯ · w − idθ¯ · θ)
N2
,
where N = w·w¯+iθ·θ¯. Here we sometimes write sums such as∑ dwadw¯a, etc., in the form
dw · dw¯ = ∑ dwadw¯a. Note also that it is convenient to keep one ‘fake’ inhomogeneous
coordinate which is identically 1, so that N includes the summand 1. The expression for
ω in homogeneous coordinates, which is the same as the pullback q∗ω on Cn+1|m \ {0},
has similar form:
q∗ω =
i
2
R2
(dz · dz¯ − idζ · dζ¯)N0 − (dz · z¯ + idζ · ζ)(dz¯ · z − idζ¯ · ζ)
N20
where N0 = z · z¯ + iζ · ζ¯, as before. The form ω can also be expressed via its Ka¨hler
potential:
ω =
i
2
R2∂∂¯ lnN , q∗ω =
i
2
R2∂∂¯ lnN0 .
We loosely refer to both the symplectic form ω and the corresponding Riemannian metric
as to the ‘Fubini–Study form’ on CPn|m. So everything is completely similar to the
ordinary case. (The usual definition of the Fubini–Study form does not include any R,
but for our purposes it is convenient to have a scale factor. When we wish to emphasize
it in the formulas, we include R as a subscript.)
The following volume element on CPn|m is at the same time the Riemannian volume
element and the Liouville volume element for the symplectic structure.
Proposition 2.2. In local coordinates wa, wa, θµ, θ¯µ ,
dV
CP
n|m
R
= R2(n−m)
(
i
2
)n−m [dw1, dw¯1, . . . dwn, dw¯n | dθ1, dθ¯1, . . . , dθm, dθ¯m]
Nn−m+1
(6)
Our next task is to calculate the total volume of CPn|m w.r.t. the volume element (6).
In order to do so, we establish the relation between the volume elements of CP
n|m
R and
the supersphere.
2.3. Volume elements for S
2n+1|2m
R and CP
n|m
R . To the find the desired relation, we
introduce local coordinates on Cn+1|m, with the same number of charts as for the pro-
jective superspace, which consist of the polar radius r, the angular coordinate α in the
fibers of the Hopf fibration and the inhomogeneous coordinates on CPn|m. For each fixed
k (the chart number), we have
za = reiαN−1/2wa , ζµ = reiαN−1/2θµ .
Here α = Arg zk, r2 = z · z¯ + iζ · ζ¯, wa = za
zk
, and N = w · w¯ + iθ · θ¯ is as before.
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Proposition 2.3. In the coordinates r, α, wa, w¯a, θµ, θ¯µ, the Euclidean volume element
for Cn+1|m is
dVCn+1|m =
(
i
2
)n−m
r2n+1−2m
[
dr, dα, dw1, dw¯1, . . . dwn, dw¯n | dθ1, dθ¯1, . . . , dθm, dθ¯m]
Nn−m+1
.
Corollary. For the supersphere S
2n+1|2m
R , in the local coordinates α,w
a, w¯a, θµ, θ¯µ,
dV
S
2n+1|2m
R
= R2n+1−2m
(
i
2
)n−m [dα, dw1, dw¯1, . . . dwn, dw¯n | dθ1, dθ¯1, . . . , dθm, dθ¯m]
Nn−m+1
= Rdα · dV
CP
n|m
R
.
That means that we have a factorization of the volume element in the Hopf fibration,
hence the total volume of the supersphere S
2n+1|2m
R is the product of the volume of the
complex projective superspace CP
n|m
R and the circumference of the circle S
1
R.
2.4. Formula for the volume of CPn|m.
Theorem 2. The volume of the complex projective superspace is given by the expression:
vol(CP
n|m
R ) = R
2(n−m) pi
n2m
Γ(n−m+ 1) . (7)
Example 2.1. vol(CP
1|1
R ) = 2pi (no dependence on radius). In particular, this is nonzero,
which gives the simplest example of a compact symplectic supermanifold with a nonzero
volume.
Example 2.2. vol(CP
n|m
R ) = 0 if m > n (because the Γ-function has poles at all negative
integers).
2.5. A useful reformulation: volumes as analytic functions. We can give the
following useful reformulation of the obtained formulas for the volumes. Recall that
dimensions of supermanifolds take values in the ring Zˆ = Z[Π]/(Π2 − 1), so that n|m =
n+mΠ. Define the index indMn|m of a supermanifold Mn|m by
indMn|m := n−m,
if dimMn|m = n|m . We may say that indM = χ(dimM), for a ring homomorphism
χ : Zˆ→ Z, n|m 7→ n−m. For a complex supermanifold M2n|2m we can also speak about
the dimension and index over C,
indCM
2n|2m := n−m,
where dimCM
2n|2m = n|m. We also define the Gaussian factor gD for a given dimension
D = n|m ∈ Zˆ, which is the number
gn|m := (
√
pi)n(
√
2)m .
(For D = n|2m, this is the value of the standard Gaussian integral over Rn|2m, see
the Appendix. For aesthetical purposes, though we do not need that, we define gD for
arbitrary dimensions D.)
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Define for a complex variable z the following functions:
V(S;R, z) := Rz
2
√
pi
Γ( z+1
2
)
(8)
V(CP;R, z) := R2z
1
Γ(z + 1)
. (9)
(Here R is a real parameter included for convenience.) Then the formulas for the volumes
of the superspheres and the complex projective superspaces can be re-written as:
vol(S
n|2m
R ) = gD · V(S;R, z) (10)
where D = dimSn|2m = n|2m, z = indSn|2m = n− 2m, and
vol(CP
n|m
R ) = g2D · V(CP;R, z) (11)
where D = dimC CP
n|m = n|m (so the real dimension is 2D), z = indC CPn|m = n−m .
It follows that if the volumes of the supermanifolds are re-scaled by the Gaussian factors
for the corresponding dimensions, then upon such a normalization, they are expressed by
analytic functions of “index-type” variables:
vol(SDR)
gD
= V(S;R, z) where z = indSD , (12)
and
vol(CPDR)
g2D
= V(CP;R, z) where z = indC CP
D . (13)
The analytic functions V(S;R, z) and V(CP;R, z) of the variable z can then be regarded
as the volumes of the spheres and complex projective spaces “normalized” in the above
sense and analytically continued to arbitrary complex values of the indices.
Since for ordinary manifolds index coincides with dimension, the normalized volumes
of the supermanifolds in question can be viewed as the result of an analytic continuation
of the normalized volumes of their classical counterparts : first the dimension such as n is
replaced by a complex variable z and then z is substituted by n−m.
Remark. The relation between the volume of the complex projective (super)space, the
volume of the odd-dimensional (super)sphere and the circumference of the circle remains
true for arbitrary complex z :
V(S;R, 2z + 1) = V(CP;R, z) · V(S;R, 1) . (14)
3. The unitary supergroup, and Stiefel and Grassmann supermanifolds
3.1. The unitary supergroup. Recall that the unitary supergroup U(n|m) is defined
by the matrix equation
gHg∗ = H
for a matrix g ∈Mat(n|m ;C), where
g∗ =
(
g00 g01
g10 g11
)∗
=
(
g¯T00 g¯
T
10
−g¯T01 g¯T11
)
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and
H =
(
1 0
0 i
)
.
More geometrically, the supergroup U(n|m) can be defined as the supergroup of all lin-
ear operators on Cn|m preserving the Hermitian metric. In complete analogy with the
ordinary case, one can see that
dimU(n|m) = (n|m)2 ,
indU(n|m) = (n−m)2 .
Note also that U(n|m) ∼= U(m|n) .
The following remarkable fact was discovered by Berezin in early 1970s.
Theorem (Berezin). For U(n|m), the total Haar measure is zero if both n > 0 and m > 0
(i.e., if it does not reduce to the ordinary unitary group).
Example 3.1. For the simplest case of U(1|1), the theorem can be checked directly. One
can find the following explicit parametrization of the matrices g = g(α, β | θ) ∈ U(1|1) :
g( α, β︸︷︷︸
even real
| θ︸︷︷︸
odd complex
) =
(
eiα(1 + i
2
θθ¯) θ
iθ¯eiβ e−iα(1− i
2
θθ¯)eiβ
)
.
By a direct calculation,
[dg · g−1] = −2i[dα, dβ|dθ, dθ¯] ,
relative to the basis
e1 =
(
i 0
0 0
)
, e2 =
(
0 0
0 i
)
, ε1 =
(
0 1
i 0
)
, ε2 =
(
0 i
1 0
)
in u(1|1). This gives (up to a constant factor) the invariant volume element on U(1|1).
Therefore,
volU(1|1) = 0 ,
by the definition of the Berezin integral.
We shall calculate the volume of the complex Stiefel supermanifold, for which the
unitary supergroup is a particular case; we shall obtain a simple geometric explanation
of Berezin’s theorem.
3.2. The Stiefel supermanifold. Consider Cn|m with the standard Hermitian form.
For the complex Stiefel supermanifold, we use the notations Vr|s(C
n|m) = CV(n|m, r|s) .
It is defined as the closed submanifold
Vr|s(C
n|m) ⊂ Cn|m × · · · ×Cn|m︸ ︷︷ ︸
r
×ΠCn|m ×× · · · ×ΠCn|m︸ ︷︷ ︸
s
of all orthonormal r|s-frames in Cn|m. (In greater detail, the vectors in the frame are
orthogonal, the first r vectors are even and of square 1 and the last s vectors are odd of
square i.) The Riemannian metric on Vr|s(C
n|m) is induced from the Euclidean metric
on Cn|m (the real part of the Hermitian form).
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As in the ordinary case, Vr|s(C
n|m) = U(n|m)/U(n− r|m− s). One can also find that
dimVr|s(C
n|m) = (r|s) · (2(n|m)− (r|s)) = r(2n− r) + s(2m− s) | 2(ns+mr − rs) ,
indVr|s(C
n|m) = (r − s)(2(n−m)− r + s)
(generalizing the familiar formula dimVr(C
n) = r(2n− r)).
Note that if V is a Hermitian vector superspace, then on the superspace ΠV with the
revered parity is also naturally induced a Hermitian structure, by
〈Πu,Πv〉 := i(−1)u˜〈u, v〉 .
If the initial structure was positive-definite, the induced structure is also positive-definite.
From here follows a useful statement.
Proposition 3.1. The parity reversion functor Π induces an isometry
Vr|s(C
n|m) ≈ Vs|r(Cm|n) .
The following statement is crucial for calculation of the volume of the Stiefel super-
manifold.
Theorem 3. For r > 0, there is a fiber bundle
Vr−1|s(C
n−1|m) −−−→ Vr|s(Cn|m)y
S2n−1|2m
.
(so that Vr−1|s(C
n−1|m) is the standard fiber). This fibration is a Riemannian submersion.
Recall that a fibration of Riemannian (super)manifolds is a Riemannian submersion if
the projection induces the isometry of every horizontal subspace onto the tangent space
to the base. In such a case, there is a factorization of the volume element of the total
space and in a homogeneous situation the volume of the total space is the product of the
volumes of the base and the standard fiber (see the Appendix).
The fiber bundle Vr|s(C
n|m) → S2n−1|2m is not trivial, but on a dense domain it can
be seen as a direct product decomposition and by iteration we may speak about a “dif-
feomorphism” (on a dense domain), for r > 0,
Vr|s(C
n|m) ≈ S2n−1|2m × S2n−3|2m × · · · × S2(n−r)+1|2m ×V0|s(Cn−r|m)
≈ S2n−1|2m × S2n−3|2m × · · · × S2(n−r)+1|2m ×Vs(Cm|n−r) ≈
S2n−1|2m × S2n−3|2m × · · · × S2(n−r)+1|2m × S2(m−1)+1|2(n−r) × · · · × S2(m−s)+1|2(n−r)
(the last equality for s > 0). This is just for better visualization. In any case, we
have the corresponding factorization for the volumes. Now, recall that the volume of the
odd-dimensional supersphere S2k+1|2m vanishes if k −m < 0; therefore, the volume
vol(Vr|s(C
n|m)) = vol(S2n−1|2m) · vol(S2n−3|2m) · . . . · vol(S2(n−r)+1|2m) · vol(Vs(Cm|n−r))
can be nonzero only if n− r −m+ 1 > 0, i.e., r < n−m+ 1. At the same time, if also
s > 0, then
vol(Vs(C
m|n−r)) = vol(S2(m−1)+1|2(n−r)) · . . . · vol(S2(m−s)+1|2(n−r)) ,
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which for the same reason can be nonzero only if m− 1− n+ r + 1 > 0, i.e., r > n−m.
This is impossible for an integer r. Therefore we arrive at the following theorem, the first
part of which generalizes Berezin’s statement about the volume of U(n|m).
Theorem 4. 1. The volume of the complex Stiefel supermanifold Vr|s(C
n|m) vanishes
unless r = 0 or s = 0.
2. For s = 0, the volume is given by
vol(Vr(C
n|m)) = vol(S2(n−1)+1|2m) · . . . · vol(S2(n−r)+1|2m)
= gD R
χ (2
√
pi)r
1
Γ(n−m)Γ(n−m− 1) . . .Γ(n−m− r + 1) (15)
(where we have re-introduced the scale factor R in the metric). Here D = dimVr(C
n|m)
and χ = χ(D) = indVr(C
n|m).
(We used the multiplicativity of the Gaussian factor gdim and of the scale factor R
ind.)
By re-writing the fraction as
Γ(n−m− r)Γ(n−m− r − 1) . . .Γ(1)
Γ(n−m)Γ(n−m− 1) . . .Γ(1) ,
we obtain the following corollary.
Corollary (“Final formula”). The volume of the complex Stiefel supermanifold when it
is nonzero is given by
volVr(C
n|m) = gD · Rχ(D)(2
√
pi)r
G(n−m− r + 1)
G(n−m+ 1) , (16)
where D = dimVr(C
n|m) = r(2n− r)|mr, and χ(D) = indVr(Cn|m) = r(2(n−m)− r) .
Here G(z) is the Barnes function, which is basically defined by the properties G(z+1) =
G(z)Γ(z), and G(0) = G(1) = G(2) = G(3) = 1 (and at all negative integers there are
zeros). See Adamchik [1] for a modern exposition and new results about this function.
3.3. Analytic formula for the volume. As we did with the supersphere and the com-
plex projective superspace, we can introduce an analytic function expressing the volume.
Define, for complex variables z and w,
V(CV;R, z, w) := Rw(2z−w) (2
√
pi)w
G(z − w + 1)
G(z + 1)
, (17)
Then, for the normalized volume, we have (with D = dimVr(C
n|m) = r(2n− r)|mr)
volVr(C
n|m)
gD
= V(CV;R, z, w) , (18)
where we substitute z = n−m, w = r .
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3.4. The case of the Grassmann supermanifold. For the complex Grassmann su-
permanifold Gr|s(C
n|m) = CG(n|m, r|s), we have
Gr|s(C
n|m) ∼= Vr|s(Cn|m)/U(r|s) ∼= U(n|m)/U(n− r|m− s)×U(r|s) .
As in the ordinary case, Gr|s(C
n|m) possesses an analog of the Fubini–Study metric.
Dimension and index:
dimGr|s(C
n|m) = 2(r|s) · ((n|m)− (r|s))
indGr|s(C
n|m) = 2(r − s)(n−m− r + s) .
Define, for complex variables z and w,
V(CG;R, z, w) := R2w(z−w)
G(w + 1)G(z − w + 1)
G(z + 1)
,
where G(z) is the Barnes function.
We expect that the volume of the complex Grassmann supermanifold is given by the
following formula:
vol(Gr|s(C
n|m))
gD
= V(CG;R, z, w)
where D = dimGr|s(C
n|m), z = n−m and w = r − s .
4. Conclusions. Discussion
We considered the volumes of classical supermanifolds: the supersphere, the complex
Stiefel and the complex Grassmann supermanifolds. We introduced the notion of normal-
ized volume by isolating the Gaussian factor and showed that the normalized volumes of
these supermanifolds are obtained by an analytic continuation from the values for the cor-
responding ordinary manifolds. We gave a geometric proof for the formula for the volume
of the complex Stiefel supermanifold, which covers Berezin’s theorem about the vanishing
of the volume of the unitary supergroup as a particular case. On the other hand, our
calculations simple examples of compact symplectic supermanifolds with nonzero phase
volume (thus disproving Witten’s conjecture).
Volumes of supermanifolds exhibit a scale invariance with the scale factor Rind if the
metric is multiplied by R. This shows that the volume is scaling invariant for indM = 0.
Complex variables in the analytic formulas for the volumes are also of ‘index type’. This,
together, hints at a possibility of extending the theory of volumes to the suitable infinite-
dimensional case.
One of the questions that needs to be clarified, is how to agree the analytic expressions
when they exist with the special cases such as when the volume identically vanishes for
a whole range of parameters. A similar question arises in [11], [14], [12] in the context of
‘universal Lie algebra’ theory. Elucidating these connections seems very attractive.
Appendix A. Background on supermanifolds, volumes and integrals
We refer the reader to the following sources concerning supermanifold theory: [2], [8],
[9], [4], [16], [3], and [15].
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A.1. Tensors on supermanifolds. One difference with the ordinary case is that it is
necessary to distinguish between ‘even’ and ‘odd’ differentials and, more generally, con-
sider besides the tangent bundle TM and the cotangent bundle T ∗M also the ‘antitangent’
bundle ΠTM and the ‘anticotangent’ bundle ΠT ∗M obtained by parity reversion in the
fibers.
If the differential δf of a function is understood in the most straightforward way,3 then
the mapping δ sending f to δf does not change parity, δ˜f = f˜ . (We use here the letter δ,
not d, on purpose.) This is the even differential of f , taking values in T ∗M . For a tangent
vector X , δf(X) = (−1)f˜ X˜∂Xf . The differentials δxa of local coordinates xa make a basis
of sections for T ∗M . Note that δxa is the right dual basis for the basis ∂a = ∂/∂x
a in
TM ,
δxa(∂b) = 〈δxa, ∂b〉 = (−1)a˜ δab and 〈∂a, δxb〉 = (−1)a˜b˜ 〈δxb, ∂a〉 = δba .
The odd differential d is defined as the composition d := Π ◦ δ and therefore dxa make a
basis in ΠT ∗M . We have d˜f = f˜ + 1 for all f and d˜xa = a˜ + 1. There is an odd pairing
〈df,X〉 := δf(X). Hence
〈dxa, ∂b〉 = 〈∂b, dxa〉 = (−1)a˜ δab .
A covariant tensor on a supermanifold is expanded over the tensor products of both
δxa and dxa. However, products of dxa may be converted into products of δxa, and other
way round (by using the sign rule and with a possible appearance of the factor of Π).
Algebraically this corresponds to the natural isomorphism (ΠV )⊗k ∼= ΠkV ⊗k for a module
V . Note also the natural isomorphism ΠV ∗ ∼= (ΠV )∗.
Example A.1. Suppose T (∂a1 , . . . , ∂ak) = Ta1...ak . Then
T = δxa1 ⊗ · · · ⊗ δxak Ta1...ak(−1)a˜1(a˜2+...+a˜k+T˜ )+a˜2(a˜3+...+a˜k+T˜ )+...+a˜kT˜ .
Example A.2. For covariant tensors of rank 2, we have dxa ⊗ dxb = (Πδxa)⊗ (Πδxb) =
(−1)a˜Π2 δxa ⊗ δxb = (−1)a˜δxa ⊗ δxb.
The symmetric and the exterior algebra are defined as usual (taking into account the
sign rule). The same concerns symmetrization, alternation, symmetric and wedge prod-
ucts. (Anti)symmetric tensors can be expressed via the symmetric (resp., exterior) prod-
ucts of basis vectors or covectors.
Example A.3. Suppose a covariant tensor as in Example A.1 is symmetric. Then
T = δxa1 ⊗ · · · ⊗ δxak Tak ...a1(−1)(a˜1+...+a˜k)T˜
= δxa1 . . . δxak Tak ...a1(−1)(a˜1+...+a˜k)T˜ ,
where in the second line there is the symmetric product.
For any module V , the natural isomorphism (ΠV )⊗k ∼= ΠkV ⊗k induces a natural iso-
morphism Sk(ΠV ) ∼= ΠkΛk(V ). Therefore, a k-form on a supermanifold can be regarded
either as a section of Λk(T ∗M) or as a section of Sk(ΠT ∗M) (with the parity shift if k is
odd).
3The differential of f at x0 can be defined, for example, as f − f(x0) mod m2x0 , where mx0 denotes
the ideal of functions vanishing at x0.
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Example A.4. Using the identification dxa ⊗ dxb = (−1)a˜δxa ⊗ δxb, we obtain
dxadxb =
1
2
(
dxa ⊗ dxb + (−1)(a˜+1)(b˜+1)dxb ⊗ dxa
)
=
(−1)a˜ 1
2
(
δxa ⊗ δxb − (−1)a˜b˜δxb ⊗ δxa
)
= (−1)a˜δxa ∧ δxb
We may write a 2-form ω as ω = dxadxbωba, where ωab = (−1)(a˜+1)(b˜+1)ωba, so
ω = δxa ∧ δxb(−1)a˜ωba .
Note that for ω′ab := (−1)b˜ωab we have ω′ab = −(−1)a˜b˜ω′ba .
The advantage of using Sk(ΠT ∗M) is that k-forms in this language can be viewed as
fiberwise polynomial functions on the supermanifold ΠTM . Arbitrary functions on ΠTM
are by definition pseudodifferential forms on M .
A.2. Berezin integral and volume elements. Recall Berezin’s change of variables
formula. For an invertible change of variables x = x(x′, ξ′), ξ = ξ(x′, ξ′) on Rn|m,∫
Rn|m
D(x, ξ) f(x, ξ) = ±
∫
Rn|m
D(x′, ξ′)
D(x, ξ)
D(x′, ξ′)
(x′, ξ′) · f(x(x′, ξ′), ξ(x′, ξ′)) ,
where ± = sign det ∂x
∂x′
(x′, 0),
D(x, ξ)
D(x′, ξ′)
= Ber
∂(x, ξ)
∂(x′, ξ′)
.
Here the function Ber, the ‘superdeterminant’ or ‘Berezinian’, is defined for even block
matrices by the expression
Ber
(
J00 J01
J10 J11
)
:=
det(J00 − J01J−111 J10)
det J11
=
det J00
det(J11 − J10J−100 J01)
.
Remarks. For the change of variables formula to hold, it is essential that all the coef-
ficients of the expansion of f in odd variables rapidly decrease (although only f1...m is
explicitly present in the definition of the integral).
The Berezinian is a multiplicative function on invertible even matrices and is it es-
sentially uniquely defined by this property. The fact that it is a rational expression,
not a polynomial, is fundamental. Berezinian enjoys the invariance under the following
superanalog of transpose:
Ber J T = Ber J
for (
J00 J01
J10 J11
)T
=
(
J t00 J
t
10
−J t01 J t11
)
,
where At denotes the ordinary transpose of a matrix A.
The symbol
D(x, ξ) = D(x1, . . . , xn, ξ1, . . . , ξm)
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is a coordinate volume element in the supercase. By definition, this symbol is defined for
each coordinate system on Rn|m and under a change of coordinates is multiplied by the
corresponding Berezinian:
D(x, ξ) = D(x′, ξ′)
D(x, ξ)
D(x′, ξ′)
.
The symbol D(x, ξ) is the analog of dnx for ordinary multiple integrals (over even vari-
ables). In the ordinary case, it is very helpful to express a coordinate volume element
such as dnx as the complete exterior product dx1 ∧ . . .∧ dxn of the differentials of coordi-
nates. In the supercase, this is not possible directly because Berezinian is a fraction and
cannot arise from multilinear operations; however, as a replacement one can introduce
the symbolic bracket
[dx1, . . . , dxn | dξ1, . . . , dξm] ,
as an alternative notation for D(x1, . . . , xn, ξ1, . . . , ξm). More generally, for an arbitrary
free module E over a commutative superalgebra, we introduce such a ‘square bracket
symbol’ as a function of a basis defined by the following properties:
• homogeneity: if a basis element is multiplied by an invertible factor, then the
bracket is multiplied by the same factor in the power +1 for a basis element in an
even position and in the power −1 for a basis element in an odd position4;
• invariance under elementary transformations: the symbol does not change when
a basis element is replaced by the sum with another element with a coefficient of
the appropriate parity.
These properties model the characteristic properties of Berezinian. The ‘square bracket’
of a basis of a free module E gives a basis element of the one-dimensional module BerE
(the Berezinian of a free module). One can learn quickly that it is as convenient to make
calculations with the symbol [dx1, . . . , dxn | dξ1, . . . , dξm] on supermanifolds as with the
exterior product dx1 ∧ . . . ∧ dxn on ordinary manifolds. In the following we may use
self-explanatory abbreviated notations such as [dx|dξ] for [dx1, . . . , dxn | dξ1, . . . , dξm].
Example A.5. Consider Cn|m with complex coordinates za = xa+ iya, ζµ = ξµ+ iηµ. By
applying elementary transformations, we obtain [dz, d¯z | dζ, d¯ζ] = [dx+idy, dx−idy | dξ+
idη, dξ − idη] = [2dx, dx− idy | 2dξ, dξ − idη] = [2dx,−idy | 2dξ,−idη]. By homogeneity,
we arrive at
[dz, dz¯ | dζ, dζ¯] = (−2i)n−m[dx, dy | dξ, dη] ,
hence
[dx, dy | dξ, dη] =
(
i
2
)n−m
[dz, dz¯ | dζ, dζ¯] .
4There is an intentional ambiguity here: we assume that either all even basis elements are in ‘even
positions’ and all odd basis elements are in ‘odd positions’, or the other way round. This allows us to
suppress the difference between dxa, dξµ and δxa, δξµ in the notation for the bracket.
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A.3. Gaussian integrals. Gaussian factor. Consider a non-degenerate even quadratic
function Q(x) on Rn|2m. That the odd part of the dimension has to be 2m is required by
the non-degeneracy. It corresponds to an even symmetric bilinear form, which we denote
by the same letter, so that Q(x) = Q(x, x). In coordinates,
Q(x) = xaxbQba = x
aQab(−1)b˜xb .
where Qab = Qba(−1)a˜b˜. Consider the Gaussian integral defined by Q. One can see that∫
Rn|2m
e−Q(x)Dx =
1
(BerQ)1/2
(
√
pi)n2m ,
where BerQ is the Berezinian of the matrix (Qab). Here (
√
pi)n2m is the value of the
‘standard’ Gaussian integral corresponding to the matrix(
In 0
0 J2m
)
,
with In being the identity matrix and J2m = diag ((
0 −1
1 0 ) , . . . , (
0 −1
1 0 )) , for which
Q(x) = (x1)2 + . . .+ (xn)2 + 2ξ1ξ2 + . . .+ 2ξ2m−1ξ2m
(here we have switched to separate notations for even and odd variables).
We number (
√
pi)n2m, which is a function of dimension, will play a role in our state-
ments. We shall denote it
gn|2m := (
√
pi)n2m ,
and refer to as the Gaussian factor. (Formally, we can use the same notation for an
arbitrary n|m.)
Appendix B. Volumes and Riemannian submersions
B.1. Volume elements arising from Riemannian and symplectic structures. On
a supermanifold, an even Riemannian metric or even symplectic form induce volume ele-
ments in the same way as Riemannian and symplectic structures for ordinary manifolds.5
Consider an even covariant tensor T of rank 2 (without any conditions of symmetry).
In local coordinates,
T = δxa ⊗ δxb Tab(−1)a˜b˜ ,
where Tab = T (ea, eb), and T˜ab = a˜ + b˜. Under a change of coordinates,
Ta′b′ =
∂xa
∂xa′
∂xb
∂xb′
(−1)a˜(b˜+b˜′) Tab
=
∂xa
∂xa′
Tab
∂xb
∂xb′
(−1)b˜(b˜′+1)
5 ‘Even’ or ‘odd’ here refers to the parity of the corresponding bilinear form. Odd structures behave
quite differently from their classical prototypes. In particular, there are no volume elements associ-
ated with them, which has important consequences. Odd symplectic geometry underlies the Batalin–
Vilkovisky quantization, while odd Riemannian geometry has so far attracted little attention. See more,
for example, in [6].
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(where we recognize the supertranspose of the Jacobi matrix). It follows that
Ber(Ta′b′) = Ber(Tab) ·
(
Ber
(
∂xa
∂xa′
))2
.
Hence
dV :=
√
Ber(Tab)Dx
is an invariant volume element, regardless of the symmetry of T .
Suppose an even Riemannian metric is given:
δs2 = δxaδxb gba = δx
agab (−1)b˜δxb
(even) on a supermanifold has an expression
δs2 = δxaδxb gba = δx
agab (−1)b˜δxb
in local coordinates. Here gab = gab(x), g˜ab = a˜ + b˜, and gab = (−1)a˜b˜gba. We use δ
to denote the even differential (so that, in particular, δ˜xa = a˜). Under a change of
coordinates,
ga′b′ = (−1)a˜(b˜+b˜′) ∂x
a
∂xa′
∂xb
∂xb′
gab =
∂xa
∂xa′
gab (−1)b˜(b˜′+1) ∂x
b
∂xb′
.
Hence, for g := Ber(gab), we obtain
g′ = g ·
(
Ber
(
∂xa
∂xa′
))2
,
where g′ = Ber(ga′b′), and therefore
dV :=
√
g Dx
is an invariant volume element in complete similarity with the ordinary case.
Consider now an even symplectic structure. One can similarly obtain an induced vol-
ume element with the same expression as in the Riemannian case. It is sometimes referred
to it as the ‘Liouville volume element’.
Remark. For ordinary manifolds, the Liouville volume element can be expressed as the
top-degree form ωn/n! , where dimM = 2n. The analog of this expression in the supercase
is the pseudodifferential form e−ω (see, e.g. [16]). When we integrate such objects, we have
to integrate over xa and dxa (treated as independent variables). In particular, integrating
out the variables dxa in e−ω gives the square root of the Berezinian of ωab. The difference
with the ordinary case is that this square root is no longer a polynomial in ωab.
It is known that the Riemannian and symplectic structures come together in the notion
of a Ka¨hler structure. In the supercase, we have a tensor H defining an even Hermitian
metric on a complex supermanifold with holomorphic local coordinates za,
H = δza ⊗ δz¯b hab¯(−1)a˜b˜
where Hab¯ = (−1)a˜b˜Hba¯. Then δs2 := ReH gives a Riemannian structure and ω :=
−1
2
ImH gives a symplectic structure. The corresponding volume elements (Riemannian
and symplectic) coincide.
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B.2. Riemannian submersions. Recall the following classical notion. Consider a fiber
bundle p : E → M where both E and M are endowed with Riemannian metrics. The
tangent bundle TE can be decomposed into the direct sum V E⊕HE where V E = Ker Tp
(the vertical subbundle) and the horizontal subbundle HE = (V E)⊥ is defined as the
orthogonal complement w.r.t. the metric on E. The restriction of the tangent map
Tp maps each horizontal subspace HEz isomorphically onto the tangent space Tp(z)M .
The fiber bundle is called a Riemannian submersion if Tp(z)|HEz : HEz → Tp(z)M is an
isometry (for all z ∈ E). This notion readily extends to supermanifolds.
Consider the direct product coordinates xa, yi on E so that xa are local coordinates on
M and the bundle projection maps (xa, yi) to (xa). The Riemannian metrics on E and
M can be written as
δs2E = δx
aδxb gba(x, y) + 2δx
aδyi gia(x, y) + δy
iδyj gji(x, y)
and
δs2M = δx
aδxb g0ba(x) .
Proposition B.1. The fiber bundle p : E → M is a Riemannian submersion if there is
the following relation for the components of the metrics
gab(x, y) = g
0
ab(x) + gak(x, y)g
kl(x, y)glb(x, y)
Corollary B.1. For the Berezinian of the metric tensor,
Ber
(
gab gaj
gaj gij
)
= Ber
(
g0ab 0
gaj gij
)
.
This implies the factorization of the volume element of E at a given point in the product
of the volume element of M (at the corresponding point) and the volume element of the
fiber through this point.
Therefore there is a ‘Cavaliery principle’ for Riemannian submersions: the volume of
the total space is the integral of the volumes of the fibers over the base. If all fibers have
the same volume (such as in a homogeneous situation), the volume of the total space is
the product of the volume of the base and the volume of the fiber.
References
[1] Victor S. Adamchik. Contributions to the theory of the Barnes function. Int. J. Math. Comput. Sci.,
9(1):11–30, 2014. arXiv:math/0308086 [math.CA].
[2] F. A. Berezin. Introduction to superanalysis. D. Reidel Publishing Co., Dordrecht, 1987. Edited and
with a foreword by A. A. Kirillov, With an appendix by V. I. Ogievetsky, Translated from the
Russian by J. Niederle and R. Kotecky´, Translation edited by D. Le˘ıtes.
[3] P. Deligne and J. W. Morgan. Notes on supersymmetry (following Joseph Bernstein). In Quantum
fields and strings: a course for mathematicians, Vol. 1, 2 (Princeton, NJ, 1996/1997), pages 41–97.
Amer. Math. Soc., Providence, RI, 1999.
[4] Sergei I. Gelfand and Yuri I. Manin. Methods of homological algebra. Springer Monographs in Math-
ematics. Springer-Verlag, Berlin, second edition, 2003.
[5] Adam Haunch. Rational functions with Grassmann coecients and hypersurfaces in superspace. Ph.D.
thesis. University of Manchester, page 96 pp., 2007.
[6] H. Khudaverdian and Th. Voronov. On odd Laplace operators. Lett. Math. Phys., 62:127–142, 2002.
[7] Iuliu Calin Lazaroiu, Daniel McNamee, and Christian Sa¨mann. Generalized Berezin-Toeplitz quan-
tization of Ka¨hler supermanifolds. J. High Energy Phys., (5):055, 43, 2009.
18 THEODORE VORONOV
[8] D. A. Leites. Supermanifolds theory. Karelian branch of the Academy of Sciences, Petrozavodsk,
1984. Russian.
[9] Yu. I. Manin. Gauge field theory and complex geometry. Springer-Verlag, Berlin, second edition,
1997. Translated from the 1984 Russian original by N. Koblitz and J. R. King, With an appendix
by S. Merkulov.
[10] R. L. Mkrtchyan. The equivalence of Sp(2N) and SO(−2N) gauge theories. Physics Letters B,
105:174–176, 1981.
[11] R. L. Mkrtchyan. Nonperturbative universal Chern-Simons theory. J. High Energy Phys., (9):054,
front matter+18, 2013.
[12] R. L. Mkrtchyan. Universal Chern-Simons partition functions as quadruple Barnes’ gamma-
functions. J. High Energy Phys., (10):190, front matter+15, 2013.
[13] Ruben L. Mkrtchyan and Alexander P. Veselov. On duality and negative dimensions in the theory
of Lie groups and symmetric spaces. J. Math. Phys., 52(8):083514, 10, 2011.
[14] R. L. Mkrtchyan and A. P. Veselov. A universal formula for the volume of compact Lie groups.
arXiv:1304.3031 [math.GR].
[15] Alice Rogers. Supermanifolds. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2007.
Theory and applications.
[16] Th. Voronov. Geometric Integration Theory on Supermanifolds, volume 3 of Classic Reviews in
Mathematics and Mathematical Physics. Cambridge Scientific Publishers, second edition, 2014.
School of Mathematics, University of Manchester, Manchester, M13 9PL, UK
Department of Quantum Field Theory, Tomsk State University, Tomsk, 634050, Russia
E-mail address : theodore.voronov@manchester.ac.uk
